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Abstract 

We prove that torsion free subgroups of PGL2{C) (abstractly) commen- 
surable with the Euclidean Bianchi groups are conjugacy separable. As a 
consequence we deduce the result stated in the title. 

1 Introduction 

A group G is conjugacy separable if whenever x and y are non-conjugate el- 
ements of G, there exists some finite quotient of G in which the images 
of X and y are non-conjugate. The notion of the conjugacy separability 
owes its importance to the fact, first pointed out by Mal'cev LM-58], that 
the conjugacy problem has a positive solution in finitely presented conju- 
gacy separable groups. It is known that free products of conjugacy separa- 
ble groups are again conjugacy separable (see fR-711). The property is not 
preserved in general by the formation of free products with amalgamation 
and ffA^A^-extensions. The most general result on conjugacy separability 
of free products with cyclic amalgamation was proved in IIR-S-Z-981 . To in- 
vestigate the property for a non-cyclic amalgamation is much more difficult 
and only few results exist on the subject (see IR-T-V-95II and IIZ-T-951 ). One 
of the most interesting examples of free amalgamated products are Bianchi 
groups, i.e., the groups PSL2{0d), where Od denotes the ring of integers of 
the field Q{\/—d) for each square-free positive integer d. These groups have 
long been of interest, not only because of their intrinsic interest as abstract 

* Both authors were supported by CNPq and Capes. 
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groups, but also because they arise naturally in number theory and geome- 
try. In IIW-Z-981 conjugacy separability of Bianchi groups PSL2{0d) for 
d = 1, 2, 7, 11 was proved and conjectured for the rest of them. 

In this article we prove the conjugacy separability for torsion free sub- 
groups of GL2(C) (abstractly) commensurable with the Euclidean Bianchi 
groups, i.e., groups PSL2{Od), d = 1, 2, 3, 7, 11. We observe that it is not 
known whether a group commensurable with a conjugacy separable group 
G (i.e., having a subgroup of finite index isomorphic with some subgroup of 
finite index of G) is conjugacy separable. 

As a consequence of our main result we deduce that the figure eight knot 
group is conjugacy separable. Conjugacy separability for knot groups is not 
known in general, however is known for the trefoiled knot group since it is 
a free product of cyclic groups with cyclic amalgamation. 

From a group theoretic point of view conjugacy separability of a group 
indicates that it has many subgroups of finite index. The other property that 
indicates this is subgroup separability. Recall that a group is called sub- 
group separable (or LERF) if its finitely generated subgroups are closed in 
the profinite topology. It follows from the definition that commensurabil- 
ity preserves subgroup separability. Although conjugacy separability and 
subgroup separability do not imply each other, quite often they hold to- 
gether. The subgroup separability of Bianchi groups was proved recently 
(see IIL-R-2004[ Theorem 3.6.1]). Combining this with the results of the 
paper we deduce that a torsion-free group commensurable with any finitely 
generated subgroup of an Euclidean Bianchi group is conjugacy separable. 

The methods used in the paper are based on Bass-Serre theory of groups 
acting on trees and its profinite version. The basic notions of these theo- 
ries are freely used here and can be found in liS-77il and liZ-M-89il . IIZ-89II . 
llZ^M-901 respectively. 

For a group G and elements g, h G we. shall frequently use notation 
= h~^gh in the paper. 



2 Preliminary results 
2.1 Centralizers 

Lemma 2.1. If g £ G = GL2{C), SL2{C) such that g ^ Z{G), then 
C = Ccig) is abelian. 

Proof. Let g = ( ^ !j ) ^ GL2{C), ad — be / 0. Using the Jordan 
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canonical form we may assume that 5 = ^ q ^ ) , oc? / 0. To calculate 
the centralizer of g, we have two cases to consider. 

Case 1. The eigenvalues of g are distinct. Hence g is diagonal and so g 
^ ^ ' Then a straightforward calculation shows that the centrahzer of 



xw 7^ 



d 
g is equal to 

Cgl.(C)(5) = \(l I 



Case 2. If a = d, i.e., the eigenvalues are equal, a straightforward calculation 
shows that the centrahzer of g is 



Thus in both cases the centrahzer of a non-central element g G GL2 (C) 
is abelian. 

Finally observe that Ccl2(c)(5') ^ SL2{C) = Csl2{C){9) and therefore the 
centralizer of a non-central element of g ^ (C) is also abelian. □ 

Lemma 2.2. Let g G PGL2 (C) be an element of infinite order. Then the 
centralizer CpQL^(p^{g) ofg is abelian. Moreover, Cr^{g) is virtually free 
abelian of rank at most 2, where = PSL2{Od)- 



where ^ = Z(GL2(C)) 



aeC) is the center of GL2(C). 



Proof Consider the projection 93 : GL2{C) — > PGL2{C) = GL2{C)/Z, 

a 
a 

We use g for the image of g in GL2{C)/Z. Pick 1 / 5 G PGL2{C). 

We write down the inverse image of the centrahzer of the element g G 
PGL2{Cy. 

V~^{CpGL.2{C){9)) = {h& GL2{C) I hgh~^ = gz, for some z G Z}. 

f ax ay \ ^. . . , 

gz = I ^ I . Smce conjugate matrices have the same eigenvalues, 

theses matrices can be conjugate in GL2{C) only if either a = I or aw = 
X and w = ax. In the second case we have = 1 and so a = — 1. 
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But the matrix 9 — { q ^ j has finite order in PGL2{C), because 

/ \ 

= I Q 2 1 is the center of GL2{C). Since (7 has infinite order by 

hypothesis, a = I. 
Thus we have 

'^""^(CpGLa (C)(5)) = C'gL2(C)(5)- 

Since Z < CGL2{C){g)' we have that Cpgl2{C){9) is the quotient group 
of the centralizer of g in GL2{C) modulo the center, i.e., CpQL^(^c){g) = 
(7(3^2 (C) (5)/-^- By Lemma [ZT] the centralizer of g in PGL2{C) is abelian. 

The second part of the lemma follows from the fact that the torsion free 
abelian subgroups in Td are free abelian of rank at most 2, see Fine IIF-89II 
in page 107. □ 

Corollary 2.3. A subgroup G of PGL2{C) does not contain the generalized 
dihedral group. In particular, this is so for Bianchi groups. 

Proof. If the generalized dihedral group E = {x, y\x^ = y"^) is a subgroup 
of PGL2{C) then E < Cg{x^) which is an abelian group by Lemma [ZT] 

□ 



2.1 The Profinite topology 

The profinite topology on a group G is the topology where the collection of 
all finite index normal subgroups of G serves as a fundamental system of 
neighborhoods of the identity element 1 G G, turning G into a topological 
group. The completion G of G with respect to this topology is called the 
profinite completion of G and can be expressed as an inverse limit 

G = lim G/N, 

JV6K 

where M = {N\N<ifG}. Thus G becomes a profinite group, i.e. a com- 
pact totally disconnected topological group. Moreover, there exists a natural 
homomorphism l : G — > G that sends g \—>- (gN), this homomorphism is a 
monomorphism when G is residually finite. If 5* is a subset of a topological 
group G, we denote by S its closure in G. The profinite topology on G is in- 
duced by the topology of G. Note that for a subgroup H of G, the profinite 
topology of H can be stronger than the topology induced by the profinite 
topology of G. 

Next proposition expresses the conjugacy separability property of G in 
terms of the profinite topology and we shall use it freely in the paper. 
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Proposition 2.4. Let G be a group, then the following conditions are equiv- 
alent: 

(i) G is conjugacy separable; 

( ii) for each x G G, the conjugacy class xP of x is closed in the profinite 
topology. In particular G is residually finite; 

(Hi) G is residually finite and for each pair of elements x,y ^ G such that 
y = .t"', for some 7 G G, there exists g £ G such that y = x^. 

Lemma 2.5. Let G be a residually finite group, U a finite index subgroup of 

G and H a subgroup ofG. Then U D H = U D H. 

Proof We just need to proof that U n H < UCiH, since clearly U n H < 

unS. 

Consider the following commutative diagram 

G 




G/U = G/U 

Note that Imiffj = luKpn, Ker(<y9^) = H D U and Ker((^i^) = H DU. 
Therefore, [H : {H n U)] = \lm<pH\ = |Im^J/| = [H : {H n U)] > [H : 
HnU] . It follows that UHH = UnH as needed. □ 

Let G = 7ri(^, r) be a fundamental group of the graph of conjugacy 
separable groups (^,r). Then the profinite topology on G might induce 
a weaker topology on the vertex and edge groups than their own profinite 
topologies. This prevents to use effectively the conjugacy separability of the 
vertex and edge groups for proving the conjugacy separability of G. Thus it 
is natural to assume that the profinite topology on G is reasonably "strong". 
We formalize it in the following definition. 

Definition 2.6. Let G be a group acting on a tree S such that Sj G is finite. 
We say that the profinite topology on G is efficient, if G is residually finite, 
the edge stabilizers Gg and the vertex stabilizers Gy are closed in the profi- 
nite topology on G and the profinite topology ofG induces the full profinite 
topology on the vertex and edge stabilizers. 
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If S/ G is finite, then we can define a profinite graph 

5 = lim S/U, 

U<fG 

where U ranges over the normal subgroups of finite index of G. The profinite 
completion G acts continuously on S and S/G = S/G. Moreover, 5 is a 
profinite tree (see Proposition 3.8 in IIZ-M-89II ). 

Remark 2.7. Suppose the profinite topology on G is efficient. Then S em- 
beds naturally in S. This follows from the fact that G/Gm embeds in G/Gm 
because Gm ore closed in Gfor all m & S. Moreover, S is dense in S. 

We define the standard trees S{G) on which G acts (respectively, S{G) 
on which G acts) only for the cases of an amalgamated free product G = 
Gi *H G2 (respectively, G = Gi 11^ G2) and an HNN-extension G = 
HNN{Gi,H,t) (respectively, G = HNN{Gi,H,t)) since we shall use 
them only for these cases. 

• Let G = Gi*//G2. Then the vertex set is y (5(G)) =G/GiUG/G2, 
the edge set is E{S{G)) = G/H, and the initial and terminal vertices 
of an edge gH are respectively gGi and gG2- 

• Similarly, let G = Gi IIjj G^. Then the vertex set is V{S{G)) = 
G/Gi U G/G2, the edge set is^E{S{G)) = G/H,wd the initial and 
terminal vertices of an edge gH are respectively gGi and gG2- 

• Let G = HNN{Gi,H, t). Then the vertex set is V{S{G)) = G/Gi, 
the edge set is E{S{G)) = G/H, and the initial and terminal vertices 
of an edge gH are respectively gGi and gtGi. 

• Similarly Let G = HNN{Gi, H, t).j:hen the vertex set is V{S{d)) = 
G/Gi, the edge set is E{S{G)) = G/H, and the initial and terminal 
vertices of an edge gH are respectively gGi and gtGi. 

It follows that S{G) = S(G) and so Remark Oapphes for S{G). 

Lemma 2.8. Let G = Gi ]J G2 ]J • • • ]J G^ Zje a free profinite product of 
profinite groups. Then Gi are isolated in G, i.e., ifg^ £ Gi, for some natural 
number n and some g G G of infinite order, then g £ Gi. 

Proof. By an obvious induction on the number of free factors it suffices 
to consider the case k = 2. Let g G G be an element such that g^ £ 
Gi, we show that g £ Gi, for some i = 1,2. Consider the action of G 
on the standard profinite tree S{G) (one can use its construction above for 
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amalgamated free product and take an amalgamating subgroup to be trivial). 
Then g'"' fixes a vertex in S{G). Hence {g) / (5") is a finite group acting on 
the subtree of fixed points T^" (see Theorem 2.8 in IIZ-M-891 ). By Theorem 
2.10 in IIZ-M-89 1 {g)/{g'^) fixes a vertex in T^'" and so g fixes the same 
vertex, say hGj. It follows that hgh^^ G Gj. Since Gi H hGjh^^ = 1 for 
i j as one can easily see mapping G onto Gi x G2 we deduce that i = j. 
Since n = 1 for 2; G G \ Gi (see Theorem 9.1.12 in liRZJ) g G Gu as 
needed. □ 

We distinguish two types of elements of a group G acting on a tree S: we 
say that a non-trivial element g is hyperbolic if it does not stabilize any ver- 
tex of S. Otherwise, g is called non-hyperbolic. The following proposition 
will be used in some of our proofs. 

Proposition 2.9 (Proposition 24 in US -771 ). Let G be an amalgamated free 
product or an HNN- extension and S = S{G) its standard tree. Suppose 
that an element a £ G is hyperbolic. Put m = min„gy(5)/ [t;,at'] and 
Ta = {v £ V{S) I l[v, av] = m}, where l[v, av] represents the length of the 
geodesic [v, av]. Then Ta is the vertex set of a straight line (that is, a doubly 
infinite chain of S{G)), on which a acts as a translation of amplitude m. 
Moreover, all {a)-invariant subtrees of S{G) contain Ta. Finally ifv G Ta, 
then Ta = (a) [w, av[. 

The foUowings proposition gives information on the closure of a straight 
line in S{G), and shows that a hyperbolic element of G is hyperbolic in the 
profinite sense. 

Proposition 2.10. Let G be an amalgamated free product or an HNN- 
extension and S = S{G) its standard tree. Suppose also that the profinite 
topology on G is efficient. Let a £ G be a hyperbolic element and Ta the 
corresponding straight line. Then: 

(i) (a) acts freely on the tree S{G); 

(ii) Ta = (a) [v, av[, where v is a vertex ofTa; 

(Hi) (a) acts freely on the profinite tree Ta, and (a) = Z; 

(iv) Ta is a connected component of Ta considered as an abstract graph, 
in others words, the only vertices of Ta that are at a finite distance 
from a vertex of Ta are those of Ta. 

Proof. Item (i) is proved in Proposition 2.9 IIR-Z-961 . Items (ii) and (iii) are 
proved in Lemma 4. 1 IIR-S-Z-98II . 



7 



To prove (iv) we use the same argument as in Lema 4.3 l|R-S-Z-98i Let 
It; be a vertex of Ta that is at finite distance from v. We show that w G T^. 
Suppose that w ^ Ta, then there exists an edge e' of the geodesic [v, w\ 
that is not in Ta and we can assume that the initial vertex of e' is v. Since 
Ta = {a)[v,av[, there exists a G (a) such that ae = e', where e is an 
edge of [v,av[. Let wq be the origin of the edge e, then awQ = v. Thus 
au>o = V G Tq, and since = {a)[v,av[ there exists /? G (a) such that 
/3az«o S so /3a = 1, i.e. a G (a). Then ae = e' G Ta and so 

G Tq, a contradiction. □ 

We shall need the following generalization of the M. Hall Theorem to 
free products. Remind that a group G is called LERF if each finitely gener- 
ated subgroup is closed in the profinite topology of G. 

Proposition 2.11 ( IIG-M-S-2003II ). Let Gi,...,Gm be LERF groups and 
let H be a finitely generated subgroup of the fi-ee product G = Gi * ■ ■ ■ * 
Gm- Then there exists a subgroup U of G of finite index and (Kurosh-type) 
decompositions 

U = Ui * ■ ■ ■ *Ut and H = Hi * ■ ■ ■ * Ht 

such that 

(a) Hi <Ui,i = 

(b) For each i = 1, . . . ,t—l, Ui is a subgroup of finite index of a conjugate 
of some Gj, j = 1, . . . , m, i.e., Ui = tGjt^^ for some r G G; 

(c) Ut is a free group of finite rank and Ht is a free factor of Ut. 

Sometimes we need to separate the conjugacy class of a subset or a sub- 
group of G in a finite quotient rather than the conjugacy class of an element. 
The following definition formalizes this. 

Definition 2.12. A subgroup H of a group G is called conjugacy distin- 
guished, if Ugi^cH^ is closed in the profinite topology of G. Or equiva- 
lently, for every element g G such that g'^ G H, where j G, there exists 
6 £ G such that g^ G H. 

The following proposition collects important results about free product 
of virtually abelian and virtually free groups that will be used in the paper. 

Proposition 2.13. Let G be a finitely generated free product of virtually 
abelian groups and a virtually free groups, then: 

L G is conjugacy separable; 
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2. GisLERF; 

3. The profinite topology on G induces the (full) profinite topology on 
every finitely generated subgroup of G; 

4. For each pair of finitely generated subgroups Hi , H2 ofG, the product 
H1H2 is a closed subset ofG, i.e., H1H2 DG = H1H2, where H1H2 
is the closure of H1H2 in G; 

5. Every finitely generated subgroup H of G is conjugacy distinguished; 

Proof. Item 1 follows from the fact that a free product of conjugacy sepa- 
rable groups is conjugacy separable and that virtually abelian and virtually 
free groups are conjugacy separable (see |Dy-79| and l|R-71i ). Item 2 fol- 
lows from the fact that a free product of LERF groups is LERF (see | IRo-69ll 
and IIB-71D . Item 3 follows from 2, because every subgroup H of finite in- 
dex of a finitely generated subgroup K is finitely generated and so is closed 
in the profinite topology of G. Indeed, this means that H is the intersection 
of subgroups of finite index of G and so for some of them, say U one has 
UnK = H. Item 4 was proved in IIR-Z-04II and IIC-2001II . 

5. Let g € G and suppose that g"^ G H, for some 7 G G. Let (g) be the 
subgroup generated by g. Then by Proposition 12. 1 1 I there is a subgroup U of 
finite index such that (g) < U < G, and {g) is a subgroup of a free factor of 
the Kurosh decomposition for U. Hence 5 is a non-hyperbolic element of U. 
Since U </ G, G = C/G, so 7 = ua, where u ^ U and cr G G. Therefore 
substituting H by ^ we may assume that 7 G [/. 

Now observe that n C/ is a finitely generated subgroup of U, because 
H n U has finite index in H. Hence by Proposition 12.111 there exists a 
finite index subgroup Uq of U such that H nU < Uq < U and the Kurosh 
decomposition of H (1 U is compatible with the Kurosh decomposition of 
Uq. Namely the decompositions of Uq and HnU, are respectively as follows 

Uo = Ul*...*U^ 
HnU = Hi*...*Hm, 

where Hi < Uq. Since Uq <f U, U = UqU, so ^ = g'5, where g' G Uq 
and 6 £ U. Thus substituting Uq, H and HnU (together with their Kurosh 
decompositions) by conjugates Uq~^, H^ and {H n UY in G, we can 
suppose that 7 G Uq. Since g'^ £ H and g'^ G tJ, one has g'^ £ H r\U. 

Since Uq <f U, then g"- G Uq for some natural number n. Since g is an 
element of a free factor of U, 5" is an element of a conjugate of a free factor 
of Uq, so without loss of generality we suppose that g"- G Uq. Now 

Uo = Uo = U^U...U US'. 
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Then by the projective lunit argument one deduces that g"-"' is conjugate 
to an element of a free factor of 

Hnu = i^i n . . . n Hm. 

Indeed, Uq = lim f7oy» where 

Uov = ul/{ul n u . . . u u^/{u^' n v) 

and V ranges over all open subgroups of C/q. Then 

{H n Uo)v = Hl/{Hl n F) n . . . u h^/W n v). 

Since the image of g'^'^ in {H n Uq)v has finite order, by Theorem 1 
in IIH-R-851 it is conjugate in {H n C/o)y to an element of a free factor for 
every V . Therefore g'^'^ is conjugate m H r\U to an element of Hi. By 
Theorem B' in IH-R-85II n = 1 for all n G i/o, j > 1. Hence c/"t is 
conjugate to Hi in Uq H H. 

Thus we may assume that g"-'^ G By Lemma l23] ff Pi Uq = H n Uq, 
therefore, g'^ £ Hi, since Hi is isolated in n C/ = i?i II . . . 11 Hm (see 
LemmaEHl. Since G f/gi and c/"'> G U^, by Theorem 9.1.12 in r R-Z-96ll 
the conjugating element 7 G [/(j. It follows that g £ Uq = G DUq. But C/g 
is either virtually free or virtually abelian, so Hi is conjugacy distinguished 
in Uq . This finishes the proof. □ 

If r is a profinite graph then its connected component is a maximal con- 
nected profinite subgraph of F. Note that it coincide with the closure of a 
connected component of T considered as an abstract graph, since the clo- 
sure of a connected abstract subgraph is a connected profinite subgraph. If 
a profinite group G acts on F and C its connected component we denote by 
StabciG) the maximal subgroup of G leaving C invariant. 

Lemma 2.14. Let G be a profinite group acting on a profinite graph S and 
let 1711,1712 be elements of a connected component G of S. Then 

G/StabciG) C S/G. 

Proof. We need to show that if g € G with gmi = m2, then g leaves C 
invariant, i.e. g G StabciG). Since m2 G C n gG, G U gG is connected 
and so C = gG. □ 
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Lemma 2.15. Let G be a group acting on a profinite tree S such that S/G 
is finite. Let /S.be a profinite subgraph of S and e be an edge in S. Suppose 
a connected component CofT := A \ Ge contains at least one edge. Then 
there exist edges e' £ C and cq G Ge Ci A that have a common vertex v. 

Proof. Consider the profinite grapli Ap obtained from A by collapsing all 
connected components of T. By Proposition 3.2 in IIZ-92II Ap is a profinite 
tree. Let vq be the vertex that is the image of the connected component 
C. Now since £'(Ar) is compact (because A\ Ge is open and closed), by 
Proposition 2.15 in IZ-M-891 there exists an edge cq S Ap that has vc as 
a vertex, say vc = do(eo)- Let cq = 7rp^(eo), where vrr : A — > Ar 
is a quotient map. Then do(eo) £ C and since E{G) = E{S{G)) n C is 
compact, by Proposition 2.15 fZ-M-891 there exist e' G E{C) having (io(eo) 
as a vertex. Note also that since 7rr(-E(A)) = 7rr(Ge) one has eo G Ge. □ 

Lemma 2.16. Let G be a group that acts on a tree S such that S/G is finite 
and the edge stabilizers are finitely generated. Suppose that the profinite 
topology on G is efficient and there exists an epimorphism t : G — K such 
that the restriction ofr to the vertex stabilizer G^j is an isomorphism for each 
V G ^("S"). Suppose every finitely generated subgroup of K is conjugacy 
distinguished. Then the edge stabilizers ofG are conjugacy distinguished in 
G. 

Proof. Let e G 5 be an edge. We have to show that Ge is conjugacy distin- 
guished in G. Let g £ G and 7 G G be such that g"* £ Ge, we need to show 
that there exists 71 G G such that g'^^ G Ge. Observe that by item (i) of 
Proposition 12. 101 q is a non-hyperbolic element of G, therefore g stabilizes a 
vertex v in S. Fix a connected transversal T of S/G in S. Without loss of 
generally we can suppose that v and e belong to T. We use induction on the 
number of edges of the geodesic [v, e] in T. 

Suppose [v,e] has one edge only. Since r restricted to G^ is an iso- 
morphism to K, T{Ge) is conjugacy distinguished in K by Proposition 12. 131 
(r(Ge) is finitely generated). Hence the exists k £ K such that T{g)^ G 
T{Ge) and since t\g^ is an isomorphism to K, there exists 6 £ G^ such that 
r(5) = k. Then rigf^^^ G r(Ge), and consequendy g^ G Ge. 

Suppose now that [v, e] has more than one edge. Since g fixes v and 
7~^e by Theorem 2.8 in IIZ-M-89 1 g fixes the geodesic [u,7~^e], i.e., the 
minimal profinite subtree which contains v and 7~^e. Denote by C the 
connected component of [v,j''^e] \ Ge containing v. Note that C contains 
at least one edge since otherwise v would be a vertex of a translation of e, 
contradicting the assumption that [v, e] has more than one edge. Then by 
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Lemma [2.151 there are edges e' S C and cq G Ge n [t',7~^e] that have a 
vertex in common, say (io(eo). 

Let V : S{G) — > S{G)/G be the natural epimorphism. Observe that 
v{e) = Ge and v{v) € {S/G) \ y{e). Let 11 be the maximal subgroup of G 
that leaves invariant the connected component C of S{G)\ Ge containing v, 

1. e. n = StabQ{C). By Lemma |2.14| ;^|g coincides with the factorization 
of G modulo n. Therefore, replacing 7 with its multiple X7 for some x E 11 
we may assume that e' G T. But [v, e'] has less edges then [v, e] so by the 
induction hypothesis g is conjugate to an element of G^' in G. Hence we can 
assume that g G Ge'- It follows that g G (io(eo) and replacing v by (io(eo) 
we may assume that v is the initial vertex of cq. But changing 7 again we 
may assume that eo is in T (we loosing e G T of course) , so by the induction 
hypothesis again we deduce that g is conjugate in G to an element of Geo- 
However, we observe now that T contains unique edge of the orbit Ge so 
our new eo G T is the same as our old e. Thus g is conjugate to an element 
of Ge in G as required. □ 

Theorem 2.17. Let G be a torsion free group that does not contain sub- 
groups isomorphic to a generalized dihedral. Let H be a finite index sub- 
group of G such that: 

L H is conjugacy separable; 

2. for each h £ H, Cnih) is a free abelian group of rank at most 2. 
Then G is conjugacy separable. 

Proof. Let (71,52 G G such that g2 = gj, for some j £ G. Since H has 
finite index in G, g"^, glj^ G H, where m = \G : H\. 

Observe that G = GH, so that we can write 7 = ^70, where 70 G -ff 
and d G G. Therefore gjp = (gj)"" = (^f^)^ = {g^')'^^''. Now substituting 
9i by gf^ we can suppose that 7 G -ff. Thus 5™ and (7™ are conjugated 
in H, and since H is conjugacy separable there exists h £ H such that 
dT ~ (52)™- Hence 5^ = (g^)^, so g^ and glj^ are conjugate in H. Thus 
we can suppose that g^ = g™. Let = (g^) and K = (51,52)- Then K 
centralizes N. Since Cg{N) is a virtually free abelian group of rank at most 

2, is a virtually free abelian group of rank at most 2. If K is virtually 
cyclic, then since K is torsion free, by Theorem 3.5 in IID-80II K is cyclic 
and therefore gi =52- 

If K is abelian, gi = 52 and we one done. Suppose that K is a non- 
abelian group having two generated free abelian subgroup of finite index. 
Choose A a normal torsion free abelian subgroup of finite index, where 



12 



without lost generality we can assume that g'^ is a generator of A. Let 
Lf : K — > Aut{A) = GL2{'L) be the homomorphism induced by the ac- 
tion of K on A. Since N is central in K, ip{K) is a finite subgroup of 

the group of the upper triangular matrices with first column ( ^ ) ■ Hence 



^ ^ 

the other element of the diagonal of this matrix must be 1 ou —1. Since 
the image of K in GL2(Z) is finite and a matrix of the form ^ ^ ^ ^ 

has infinite order, any element of (p{K) has the form ^ ^ ^1 ) 

(J -l)(o -l)"(o ^7'^)'Sowe conclude that ipiK) is 
a group of order 2. Hence the centralizer P = Ck{A) of ^ in K has index 
2. Since A < Z{P), [P. P] is finite and since P is torsion free, P is abelian. 
Therefore we can assume that P = ^4. In this case conjugating the image of 
K in GL2{1j) if necessary (i.e., choosing another base for A) we can sup- 
pose that (p{K) is generated either by the diagonal matrix ^ J '^1 ^ "^"^ 

by the matrix ^ ^ ^1 } I'^'i^^'i' conjugating the matrix ^ ^ ^1 ^ 

■ f y \ /^12y-x\, 
the matrix ( ^ ^ 1 we get I ^ ^ 1 , then we get the first matrix 

in the case of x being even, and the second matrix in the case of y being odd; 

in the latter case the matrix is conjugate of the matrix ^ ^ 



1 

In the first case if is a generalized dihedral group. Indeed, let z be an 
element of the inverse image of ^ q '^1 } Note that Z{K) is cyclic, 

because otherwise Z{K) is of finite index and since K is torsion free, K 
would be abelian. Therefore since z centralizes z^, is a power of g^. 
But this power can be only 1 or —1, otherwise factoring out we get that 
K/{z'^) has the foUowings generators gY^{z^), a{z'^) and z{z^), where a is 
the generator of the group A inverted by the matrix above; hence we have a 
3-generated group, unless z"^ is g^^ or Thus K has only one relation 

= a~^. Hence K is a generalized dihedral group which is discarded by 
the hypothesis of the theorem. 

In the second case, K has torsion. Indeed, let z be the inverse image of 

the ( 'i^ n ) ' there exist generators x and y of ^ that are exchanged 



by the action of z, i.e., x^ = y and y^ = x. Since z centralizes z^, 
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(xy)", for some n G Z. But = = z'^{yx)~^ = 1, i.e., 

has order 2. Therefore K has torsion and since G is torsion free this 
case is also discarded. 

Thus K is isomorphic to Z x Z, and this implies that gi = g2- □ 



3 Principal results 

Recall that the Bianchi Groups are PSL2{0d), where Od is the ring of inte- 
gers in the imaginary quadratic number field Q{\/—d), and 



Od = 1^ + wZ, where 



-d, se — d = Imod (4) 
se -d^ Imod (4). 



and d is a positive square-free integer. Let m G N and Od,m = Z + mw'L, 
where w is given above. It is easy to see that \Od '■ Od,m| = "i, and we can 
consider the groups SL2{Od,m)- Observe that SL2{Od,m) is of finite index 
in SL2{Od). 

We shall use the following decompositions of Bianchi groups Td = 
PSL2{Od) for d = 1, 2, 7, 11 (see |E13)- 

PSL2{0i) = Gi *M G2, 

where Gi = Ss *z/3Z ^2 = S3, *z/2Z ^2 and M is the modular group 
PSL2{Z). 



PS 12(02) = HNN{K2,M,t) 
PSL2{07) = HNN{K7,M,t) 
PSL2{0u) = HNN{Kn,M,t), 

where K2 = {A4 *^/2z D2),K'j = {S^ *z/2Z 5'3),i^ii = (A4 *2/3Z M) 
and M is the modular group P5L2(Z). 

The Bianchi group does not decompose in amalgamated free product 
or A^A^-extension. Therefore we are going to use the decomposition found 
by Scarth of a certain subgroup of finite index in T^. The decomposition is 
described in the next 

Proposition 3.1 (Scarth, M. R.). There exists a subgroup 2 := PSL2{Os^2) 
of T3 of finite index which is an H N N -extension of -^^3,2 with the modu- 
lar group associated, where i^3^2 = 5*3 *2/3z -D(3, 3,3) and D(3, 3,3) = 
= = {xyY = 1)- 



14 



Proof. The group PSL2{Os^2) has the following presentation (see liSc-OBI ) 



{a,t,w\a'^ = (at)^ = {w ^awa)'^ = [t,w] = 1). 

Let V = w~^aw, then using Tietze transformations ({av)^ = 1 iff 
(va)^ = 1 and {at)^ = (wvw^^t)^ = (wvtw^^)^ = 1 iff (tv)'^ = 1) 
we get the following presentation 

{a,t,v,w\a'^ = (at)^ = (av)^ = = {tv)'^,t = w^^tw,v = w^^aw). 

Let Ks^2 = {a,t,v\a^ = (at)^ = (av)^ = = {tvf). We show that 
PSL2{0^,2) is an FiViV-extension of K^^2 with (a, t) = M = {v, t) asso- 
ciated. 

Observe first that (a, t) = M, since have the same presentation. Then 

PSL2{03,2) = HNN{K32,M,w). 
Let s = at,m = av. We get 

-^3,2 = (o, s, m\a^ = = = {arnf' = {sw?)^ = 1), 

where we used again that sm? = atva is of order 3 iff tv is of order 3. 
Observe that {a,m\a^ = nr" = {arnf' = 1) = 5*3 and a group with 
presentation (s,m|s^ = rfv' = (sm^^)^) = D(3, 3,3). Then we have 

i^3,2 = 53*m=7nl?(3,3,3). □ 

Lemma 3.2. There exists a homomorphism t : 2 — > P, where P is 
virtually a free product of torsion free abelian groups and a free group such 
that T\K-i2 injective. 

Proof. We use the notation of the preceding proposition. Let ^1 : 5*3 ^ 5*3 
be the map that sends a ^ am, m ^ m^^. Observe that {il)i{a),'ipi{m)} 
satisfies the relations of the group ^3, so tpi is an epimorphism by Von 
Dick's theorem. Then ijji is an automorphism of order 2 because am and 
m~^ generate S3. Let ip2 '■ ^(3, 3, 3) —>■ D{3, 3, 3) be the map that sends 
s t-^ s~^, m I— > fh~^, again we have that V'2 is an automorphism of order 
2. Note that these two automorphisms agree on the amalgamated subgroup 
(m) = (fh), i.e., ipi{m) = = m^^ = 'tp2{m), therefore by the uni- 
versal property of an amalgamated free product there exists a unique homo- 
morphism ^ : S3 *z/3Z -0(3, 3, 3) S3 *z/2Z -0(3, 3, 3) extending Vi and 
ip2- Since tpi and ^2 are automorphisms of order 2 it follows that ip is an 
automorphism of order 2 as well. 

Consider the group P = (5*3*2/32 Z)(3, 3, 3)) x {ip). Then the map (p that 
sends i^3 2 1— > ^^'3,2 identically and w ^ ip, extends to an epimoiphism r : 
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^3,2 — > P by Von Dycks theorem because {{p{a),ip{m),ip{m),ip{s),ip{'w)} 
satisfies the relations of 2- In addition, t\ks 2 is a monomorphism to P. 
Now it remains to note that by the Kurosh subgroup theorem (see IIS-77II 
for the version with amalgamation) any torsion free subgroup of finite index 
of P is a free product of virtually abelian group and a free group, since 
D{3, 3, 3) is virtually free abelian. □ 

Proposition 3.3. Let H be finitely generated subgroup ofK^2 cmd M be the 
modular group. Then H H M = H H M. 



Proof. We must prove that H PiM > H n M, since, clearly H nM < 

HnM. 

Consider L = {K^2,Kf2 ) = ^32 *M Kr^2 ^ amalgamated free 
product of A'32, where M is a modular group and set P = {H.Kf^ ). By 
the subgroup theorem for amalgamated free products we have P = H*HnM 
K^2 • Since is LERF, all the subgroups H, M, P are closed in the 
profinite topology of r32 and this topology induces an efficient profinite 
topology on P and on L. 



It follows that L = K32 i^32 a.ndP = H U — Kf^ ■ 
By Exercise 9.2.7 (2) in iRZl H ^ff^ ^ proper. Obviously, 
H n Kf^^ contains HnM. We show that H n Kf^^ = ifnM. In- 
deed, suppose not. Pick an element h G H D Kf^^^ \ H D M. Then 
the exist an open normal subgroup U of P such that hU ^ H D MU/U. 
Put N = U n H, N' = U n Kf^^ and V = ifnAI n U. Consider 
the natural homomorphism / : P — > H/N II^^p^^^ Kf^^ /N'. Then 

f{h)^ HfiM/v. But f{h)eJ{H n K^) c (H/N) n (^-3^7^^') = 

hKm/V. Soke Ker{f)lfnM < hKmU contradicting with the fact 
that hU Hn~AIU/U. Thus H n Kf^^ = ffnM. □ 

Proposition 3.4. Let H be a finite index torsion free subgroup of G = T^, 
d = 1, 2, 7, 11 or G = r3 2. Then H is conjugacy separable. 

Proof. Let S{G) and S{G) be the trees associated with decompositions of 
G and G. By IIL-R-20041 Theorem 3.6. 1] G is subgroup separable, therefore 
the profinite topology on G is efficient, so 5(G) is embedded in S{G) (see 
Remark|2Jll. 

By Lemma 12.21 the centralizers of non-trivial elements of H are free 
abelian groups of rank at most 2. Hence by Theorem 12.171 it is enough to 
proof the proposition for an appropriate subgroup of finite index of H. An 
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appropriate subgroup for us is a subgroup that satisfies the conditions of 
Lemnia l2.16[ We show the existence of such a subgroup. Indeed, by Lem- 
mas 4.2 and 4.3 in IW-Z-981 and by Lemma [3^ in the case d = 3, there 
exists virtually a free product P of torsion free abelian groups and a free 
group and an epimorphism t : G ^ P such that t\g^ is injective, for all 
V G ^("S") and \P : T{Gy)\ < oo. Therefore replacing H by a. subgroup of 
finite index if necessary we may assume that the image of is a free product 
of torsion free abelian groups and a free group. As S{G)/H is finite, there 
exists a finite number of orbits Hv, v G S{G), i.e. there exists a finite num- 
ber of vertex stabilizers in H up to conjugation. Since the index [P : t(G„)] 
is finite, so is [P : t{Hv)]. It follows that T{Hy) has a finite number of 
conjugates in P. Therefore K := C\v€V{S) '^(^v) has finite index in P and 
L = T^^{K) n H is the desired subgroup. Indeed, t\l^ is an isomorphism 
to K, because t{L^) = t{L n Hy) = t{L), where the last equality follows 
from the definition of L (to see that the right handside is contained in the 
lefthandside let I G L; then t{1) £ K < T{Hy); hence there exist G Hy, 
X G Ker (r) such that / = xh^; but Ker (r) < t~^{K), so hy G L). More- 
over, the vertex and edges stabilizers in L are finitely generated and since G 
is subgroup separable llL-R-20041 Theorem 3.6.1], the profinite topology on 
G induces the efficient profinite topology on L. Note also that every finitely 
generated subgroup of K is conjugacy distinguished by Proposition 12.131 
because K is isomorphic to a subgroup of P and so by the Kurosh subgroup 
theorem satisfy the hypothesis of Proposition 12.131 Thus replacing H by L 
if necessary, from now on we may assume that H satisfies the hypotheses of 
Lemma 12.161 

Let 51, 52 G H such that 52 = 7~^9il for any 7 G We show that gi 
and 52 are conjugate in H. We split the proof into two cases. 

Case 1: 51 is non-hyperbolic. By item (i) of Proposition 2.9 in IIR-Z-96II 52 
is non-hyperbolic as well. Let vi be a vertex fixed by 51 . If 7 G Gi,^ , then 
52 = 5i £ Gi,-^ . Since G^-^ CiH = G^^ n H, the elements 51 , 52 G G^^ n H. 
By Lemma 1231 G,,^ nH = G^,^ n i?, so 7 G Gy^ n H. Since H satisfies the 
hypothesis of Lemma 12.161 the group H^-^ = Gy^ H H satisfies hypothesis 
of Proposition 12. 1 3 1 and so it is conjugacy separable. Thus there exists 71 G 
Gv-^ n H such that 52 = , i-C gi and 52 are conjugate in H n Gy^. 

Suppose now that 7 ^ Gy^. We shall prove then that some conjugates of 
5i and 52 in H both stabilize some edge e G S". 

By Theorem 3.12 IIZ-M-89II gi = 7527"^ G Gy^ n 70^,7" ^ < Gg, 
where e G S{G), v is a vertex of S{G) stabilized by 52 and v = do{e) 
or V = di{e). Now \Gy : Hy\ < 00, so Gy/Hy = Gy/Hy and we 
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get Star g^Q-^{v) / = Stars(^Q-^{v)/Hy. This implies the existence of an 

element h £ such that ei := he £ 5(G). 

Then ^ G and since h G Hy, and i^ei is conjugacy distinguished 
in Hy (by item 5 of Proposition 12.131 ). there exists h G Hy such that g'l G 

Hei- 

Thus we may assume that gi G H^, where e is an edge of 5(G). By 
Lemma l2. 16l the edge stabilizers are conjugacy distinguished in H. There- 
fore conjugating g2 by an element of H if necessary we may assume that 

92 G He. 

Recall now that r : H — > is a homomorphism satisfying hypothesis 
of Lemma 12. 161 As gi,g2 are conjugate in H, the elements T{gi) and T{g2) 
are conjugate in K, and since K is conjugacy separable there exists k G K 
such that r( (72) = T{gi)''. Then there exists z G HnGy-^ such that t(2;) = k, 
so r(52) = Tigf)' and since 52,^1 £ Gy^ n H and t|g„^ is injective, one 
has g2 = gl- 

Case 2: The elements 51, 32 are hyperbolic. Let Tg^ and Tg^ be the infinite 
straight lines on which gi and g2 act. Let e be any edge of Tg^. Since 
52 = 7~^5i7> the group (512) acts freely over 7^^Tgj, and by Proposition 
2.2(ii) in ||R^6,I T^Tg^ = Tg^- It follows that 7-^6 G T^^ = (5^r2, 
where T2 = [02,92^2] for any V2 G Tg^. Let x G (52) such that X7^^e G T2 
and /I : 5(G) ^ S{G)/H be the natural map. Then /i(x7~^e) = /u(e), 
and since S{G)/H = S{G)/H (as one easily checks using the closedness 
of HGe in G) there exists g G H such that X7~^e = ge G S. Therefore 
g~^x^~^e = e and so 5 := 5(^^x7"^ E ifg- Note that gi = 7527"^ = 
^x~~^ g2X^^^ = S^^g^^g2gS. Then substituting g2 with g^^g2g and 7 with 
(5 we can suppose that j G and so Tg-^ and have a common edge e. 

Let P be a geodesic of finite length in Tg-^ that has e as one of its edges 
and such that 7 G /, where / = n He- We show that we can assume that 

7 can be substituted by an element that belongs to the closure of intersection 
of the edge stabilizers of a geodesic which strictly contains P. Let ei G 
Tg^ \ P be an edge connected to P, and let v be the common vertex of ei 
and P. Let P+ = P U {ei}, and put 62 = 7~^ei so that 62 G Tg^, because 
7~^Tg^ = Tgr,. In fact, 62 G Tg^. Indeed, 7~^[e,ei] = [6,62] is finite and 
contained in Tg^. Now observe that Tg^ is a connected component of Tg^ 
considered as an abstract graph, in others words the only vertices of Tg^ that 
are at a finite distance from Tg^ are the vertices of Tg^ , see Proposition 12.101 
(iv). Therefore 62 G r2. 

Let // : 5(G) — > S{G)/H be the natural map. Since S{G)/H = 
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S{G)/H we have /i(ei) = /u(ei) = /i(e2) = Ai(e2), so there exists h £ H 
such that ei = /ie2. Since ei and 62 have a common vertex v, we have 
h G i/j,. Therefore, 62 = h~^ei = h~^je2 and so 71 := /i~^7 G Hf,r,. 

Recall that stabilizers of vertices in H are finitely generated and so by 
Theorem 1 in IIB-C-K-98II . I is finitely generated. Since is subgroup 
separable (Proposition 12. 131 ). the groups I and H^.^ are closed in the profinite 
topology of . Therefore by the main result in IIC-200ril IHg^ is closed in 
the profinite topology of Gv, i.e., IHe2 D Gv = IHe2- Thus h = 77^^ G 
IH(.2 and so there exist hi G I, /12 G -ffe2 such that h = /ii/i2- Let 7+ = 
^hi^, then 7~*'ei = 7/ij""'^ei = 'yh2h~^ei = 762 = ei, and therefore 
7+ G ifei- We also have 7+ = 7/1^^ G /, and since / and H^^ are finitely 
generated in Hu, by Proposition 2.4 in IIW-Z-98;] for the cases c? = 1, 2, 7, 11 
and by Lemma [331 for the case d = 3 we have 7+ G H Hf,. Therefore 

eGP+ 

replacing 7 with 7+ and §2 with hig2h7^ we may assume that 7 G D He. 

eeP+ 

Thus we always can assume that P has sufficiently large length. Let P 
be a geodesic of Tg^ that contains e and gie. Let / = H and consider 

eeP 

D = I D gilQi^. Note that gilgi^ is the intersection of the stabilizers of 
the path giP. Now by what was done above, we can suppose that 7 G D 
(we use P+ = PUgiP and if e' = gie, then H^' = giHeg^^). Observe that 
/ is cyclic, because the intersection of two edge groups in S{G) is cyclic, by 
Lemma 4.1 in |W-Z-98|. Now we prove that gi normalizes D. Indeed, since 

D is closed in G, then D = n DN. Thus it is enough to proof that DN 

N<fG 

is normalized by gi, for each N <f G. Indeed, let N <f G and consider 
the quotient G/N. Then the group DN/N have the same index m in the 
groups IN/N and /^i N/N , because these groups are conjugate. If xN 
generates IN/N, then {xN)"^ and [giN){xN)'^{giN)-'' generate DN/N 
and we conclude that DN is normalized by gi. 

Let d be a generator of D and write E = {d,gi). We proof that E is 
abelian. Indeed, if d does not centralize 171, gidg^^ = d~^ and so is a 
generalized dihedral group. However, by Corollary 12.31 the Bianchi groups 
do not contain subgroups isomorphic to the generalized dihedral group, a 
contradiction. 

Therefore d centralizes gi and consequently E is abelian. This implies 
that E is abelian and so gi = g2, as needed. □ 

Theorem 3.5. Let G be a torsion free group commensurable with a Eu- 
cUdean Bianchi group. Suppose that G does not contain subgroups isomor- 
phic to the generalized dihedral group. Then G is conjugacy separable. 
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Proof. Since G is commensurable with (note that commensurabiUty with 
Fa is equivalent to commensurability with 2), there exist isomorphic sub- 
groups M, N of finte index in G and respectively. Then by the preceding 
proposition N is conjugacy separable. Consequently M is conjugacy sep- 
arable. Then M < G satisfies all hypothesis of Theorem |2.17[ hence G is 
conjugacy separable. □ 

Theorem 3.6. Let G < PGL2{C) be a torsion free group commensurable 
with Tc[, d = 1, 2, 3, 7, 11. Then G is conjugacy separable. 

Proof. Follows from Theorem [33] and Corollary |23] □ 

Corollary 3.7. The figure eight knot group is conjugacy separable. 

Proof. The figure eight knot group is a torsion free subgroup of index 12 
in = PSL2{03) (see page 60 in IIM-R-02II ). so by Theorem EH K is 
conjugacy separable. □ 

Remark 3.8. In Theorem \3.6\ PGLo iO can be replaced by GL2(C) be- 
cause a subgroup of GL2 (C) containing the generalized dihedral group 
{x,y I = y^) must have x"^ S Z{GL2{C) by Lemma |Z7] and so can 
not be commensurable with T^, Indeed, every subgroup of finite index in 
has finite center 
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